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Abstract. In this paper, we consider some applications of variational inequalities to nonlinear 
analysis. These applications include solutions of nonlinear equations, fixed point problems and 
eigenvalue problems. Jn particular, we show that any hemicontiuuous and dissipative operator 
from a nonempty closed convex subset of a Hilbert space into itself has a unique fixed point. 
An iterative scheme for searching for fixed points of special types of operators is proposed. 
1. INTRODUCTION 
Let K be a nonempty closed convex subset of a Hilbert space H with inner product (a, *) 
and let T be an operator from K into H. The classical variational inequality (VI) is to find 
3: E K such that (u-%,2’(c)) 1 0 for all 21 E K. The VI has been found very useful in many 
fields, such as operations research, optimization problems, economics equilibrium problems 
and free boundary valued problems. Our aim in this paper is to give some more possible 
applications of the variational inequality theory to nonlinear analysis. These applications 
include solutions of nonlinear equations, fixed point problems and eigenvalue problems. In 
particular, we show that any hemicontinuous and dissipative operator from a nonempty 
closed convex subset of a Hilbert space into itself has a unique fixed point. In Section 2, we 
give some preliminaries that will be used throughout this paper. In the final section, we first 
obtain an existence result for the VI and then by employing this existence result we obtain 
results for our applications. We also propose an iterative scheme for searching for the fixed 
point of a particular type of operators. 
2. PRELIMINARIES 
An operator T from K into H is said to be monotone if (3 - y,T(z) - T(y)) 1 0 for all 
x, y E K. The operator T is said to be dissipative if-T is monotone. The operator T is said 
to be strongly monotone if there is positive real number k such that (x - y, T(c) - T(y)) 2 
kllx - y112 for all x,y E K. The operator T is said to be continuous on finite-dimensional 
subspaces if T is continuous on K I-I M for every finite-dimensional subspace M such that 
K 17 M # 0. The operator T is said to be hemicontinuous if for all x,y E K the following 
function is continuous 
t - (x - Y, T(tx + (1 - t)y)), 0 < t 5 I. 
A nonempty subset K of H is said to be a cone if Ax E K for all x E K and all A 2 0. 
If K is a closed convex cone then it is easy to see that Ax + cry E K for all x, y E K and 
all X, (Y 1 0. For any nonempty closed convex subset K of H, PK(.) denotes the projection 
operator on K. 
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3. SOME APPLICATIONS OF VARIATIONAL INEQUALITIES 
The following result which is a consequence of [l, Theorem 2.3’1 will be needed in the 
remaining parts of this paper. 
THEOREM 3.1. Let K be a nonempty closed convex subset in the real HiJbert space H, and 
Jet T be a monotone operator from K into H which is continuous on finite-dimensional sub- 
spaces and has the property that there is to E K such that Jiminfil,ll,,,,EK(2-20, T(x)) > 
0. Then the VI has a solution. 
PROOF: By the assumption, there is a positive number T such that T > IIzoll and if z E K 
with 11~11 T then (z -xo,T(x)) > 0. Let K(r) = {x E K : ~~z~~ 5 r}. By [l, Theorem 2.3’1, 
there is 3: E K(r) such that (z - Z,T(z)) 10 for all z E K(r). It is clear that ~~z~~ < T. For 
any z E K\K(T), choose 0 < X < 1 such that AZ + (1 - X)X E K(r). Then we have 
(X2: + (1 - A)z - i+,T(f)) = (1 - X)(z - Z,T(f)) 2 0. 
Consequently, (3 - Z,T(if)) 1 0 for all 3: E K and the result follows. 
Since any hemicontinuous and monotone operator from a closed convex subset I-l into H 
is continuous on finite-dimensional subspaces by [l, Theorem 2.41, the following theorem 
follows directly from Theorem 3.1. 
THEOREM 3.2. Let K be a nonempty closed convex subset in the real Hilbert space H, and 
Jet T be a hemicontinuous and monotone operator from K into H with the property that 
there is 10 E K such that Jiminfilrl+oc,rEK(z - xo,T(x)) > 0. Then the VI has a solution. 
By employing Theorem 3.2, we have the following result concerning the existence of solu- 
tions of a nonlinear equation. 
THEOREM 3.3. Let T be a hemicontinuous and monotone operator from H into itself. 
Suppose that there is 20 E H such that Jiminrilrll_oo(a:-zo,T(~)) > 0. Then there is t E H 
such that T(x) = 0. 
PROOF: By Theorem 3.2, there is 3: E H such that (y-z, T(x)) 2 0 for all y E H. Therefore, 
T(x) = 0 and the result follows. 
Let T be an operator from K into itself. A point x E K is said to be a fixed point of T if 
T(x) = x. 
THEOREM 3.4. Let K be a nonempty closed convex subset in the real HiJbert space H, and 
Jet T be an operator from K into itself. Suppose that T is hemicontinuous and there is a 
real number k < 1 such that for all z,y E K 
(x - Y, T(x) - T(Y)) 5 41~ - ~11’. 
Then T has a unique fixed point in K. 
PROOF: Let S be an operator on K defined by S(x) = x - T(x) for all x E K. By 
assumptions, 5’ is hemicontinuous and strongly monotone with constant 1 - k. Then by 
Theorem 3.2, there is x E K such that (y - x,S(x)) 2 0 for all y E K. Letting y = T(x), 
we have IIx - T(x)11 5 0. Therefore, T(x) = x and x is a fixed point of T. To see that the 
fixed point is unique, suppose that x1,x2 E K are fixed points of T with x1 # x2. Then 
S(zl) = S(x2) = 0 and thus 
0 < (I- k)llxl - ~211~ I (XI- 22,S(x1) - S(x2)) = 0 
which is a contradiction. Hence the fixed point of T is unique and the result follows. 
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The following corollary is a direct consequence of Theorem 3.4. 
COROLLARY 3.5. Let K be a nonempty closed convex subset in the real Hilbert space 
H, and let T be an operator fkom I< into itself. Suppose that T is hemicontinuous and 
dissipative. Then T has a unique fixed point in K. 
The following result propose an iterative scheme for searching for the fixed point of a 
particular type of operators. 
THEOREM 3.6. Let K be a nonempty closed convex subset of H and let T be an operator 
from K into H. Suppose that 
(i) there is k 5 0 such that for all x, y E K 
(2 - Y,T(~) - T(Y)) I kllz - yl12, 
(ii) there is m 2 1 such that for all z,y E K 
IIT@> - T(Y)ll 5 413: - YII* 
Then the sequence {x,,) generated by the following iterative scheme 
xn+l= p&(1 - X)x,-, + XT(xn)) 
with arbitrarily chosen 20 E K and 0 < A < 2( 1 - k)/( 1 - 2k + m2) converges to the unique 
fixed point of T. 
PROOF: We shall show that the sequence {x,} generated as above is Cauchy and therefore 
it will converge. To this end, by observing that the operator &(a) is nonexpansive [2], we 
have for any integer n 
II x,+1 - xnl12 5 ll(1 - A)x:, + AT(G) - (I- +,,-I - W~-dll~ 
= (i - A)2jjxn - xn-111~ + 2X(1 - A)&, - xn_+T(zn) - T(zn-1)) 
+ X211T(xn) - T(~,-~)ll~ 
I 4lxn - %-1112 
where & = (1 - A)” + 2X(1 - X)k + X2m2. By the assumption, 0 < (Y < 1. Now for integers 
n and 1, we have by letting p = alI2 
11% - 2111 5 2 Il”j+1 - “jll 
j=l 
j=l 
= [L+(l - P”-J+‘)/(l - P)]llXl - x011 
from which it follows that 11x,, - xl11 + 0 as 12, I go to infinity. Thus the sequence {x,} is 
a Cauchy sequence and consequently it converges to a point, say, f E K. It follows that Z 
is a fixed point of the operator PK(Z - X(x - T(x))) and hence 5 is a solution for the VI 
associated with the operator S(x) = 2 - T( ) x on K (see, e.g., [2]). By the same argument 
as that in Theorem 3.4, f is the unique fixed point of T and the result follows. 
Finally, we consider an application of Theorem 3.4 to the eigenvalue problem. 
COROLLARY 3.7. Let K be a closed convex cone of H and let T be an operator from K 
into itself. Suppose that T is hemicontinuous and dissipative. Then for any nonnegative 
real number X and any z E K, there is a unique x E K such that XT(x) + z = x. 
PROOF: Let S(x) = AT(x) + z for all x E K. Then S is a hemicontinuous and dissipative 
operator from I< into itself. By Theorem 3.4, there is x E K which is the unique fixed point 
of F from which the result follows. 
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